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To evaluate the swimming performances of aquatic animals, an important dimensionless 
quantity is the Strouhal number, St = fA/U, with / the tail-beat frequency, A the peak- 
to-peak tail amplitude, and U the swimming velocity Experiments with flapping foils have 
exhibited maximum propulsive efficiency in the interval 0.25 < St < 0.35 and it has been 
argued that animals likely evolved to swim in the same narrow interval. Using Lighthill's 
elongated-body theory to address undulatory propulsion, it is demonstrated here that the 
optimal Strouhal number increases from 0.15 to 0.8 for animals spanning from the largest 
cetaceans to the smallest tadpoles. To assess the validity of this model, the swimming kine- 
matics of 53 different species of aquatic animals have been compiled from the literature and 
it shows that their Strouhal numbers are consistently near the predicted optimum. 
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1 Introduction 
1.1 Strouhal number 

In 1915, Lord Rayleigh published a paper on the 'principle of similitude' [53 1 which served as an incen- 
tive for modern dimensional analysis ll58ll . Out of the many examples given in this paper is the iEolian 
harp, an instrument that produces musical sound when wind blows across its strings. From similarity, 
Rayleigh showed that the sound frequency / should be equal to the ratio of wind velocity U to the 
diameter of the string d multiplied by a function of the Reynolds number, in agreement with experimen- 
tal observations of Strouhal |[63l . Later the same year [52], Lord Rayleigh introduced what he called 
the Strouhal number, whose definition eventually changed to be the inverse of Rayleigh's suggestion: 
St = fd/U 0. Since then, the Strouhal number has been used extensively to measure in an appropriate 
dimensionless manner the frequency of vortex shedding behind bluff bodies. For a circular cylinder or a 
sphere, it is found to be approximately equal to 0.2 over a broad range of Reynolds numbers Il56ll85l . 

The Strouhal number is intimately linked to the arrangements of vortices in the wake as already 
pointed out by Rayleigh ll52l . Von Karman |[73l showed that two infinite rows of point vortices are 
always unstable unless their spacing ratio has a particular value b/a = 0.281 (see figuref!]?). Assuming 
that the vortices in the wake travel at the velocity U w < U, the vortex shedding frequency is then 
/ = U w /a and the Strouhal number is linked to the spacing ratio through St = (b/a)(d/b)(U/U w ). 
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Figure 1: Schematic view of the (a) Benard-von Karman (BvK) vortex street behind a circular cylinder 
and (b) reverse Benard-von Karman (rBvK) vortex street behind a swimming fish. The lines in the wakes 
illustrate what can be obtained typically with dye visualisations. The average perturbation flow u(y) in 
the far wake is a jet toward the cylinder (c) and away from the fish (d) respectively. Both of these jets are 
surrounded by a region of counterflow. 



The Strouhal number can therefore be predicted based on estimation of the spreading factor b/d and the 
velocity ratio U w /U ll57) . 

Another approach to predict the Strouhal number consists in analysing the local stability properties 
of the wake ll29l . To do so, a base flow is considered which can either be a steady solution of the 
Navier-Stokes equations around the bluff body or the time-average flow obtained through experiments 
or numerical simulations. In the near wake of this base flow, a transition from convective to absolute 
instability occurs [51]. This region acts as a source generating disturbances advected and amplified 
downstream and tunes the entire wake to its frequency. The Strouhal number can thus be predicted by 
examining the regions of absolute and convective instability in the wake. 

In the context of swimming, the Strouhal number has been introduced in the nineties by Triantafyllou 
et al. with two innovative papers (65} [66) (see also some recent reviews on swimming |[37l[62l[67l). It is 
defined as 
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where / is the tail-beat frequency, A is the peak-to-peak amplitude at the tail tip and U is the average 
swimming speed. The argument of Triantafyllou et al. J65] [66) relies on the observation that the wake 
behind a swimming animal resembles the Benard-von Karman (BvK) vortex street observed behind bluff 
bodies except that the sign of vortices are inverted giving a reverse Benard-von Karman (rBvK) street 
(see figure 

In the BvK street, the average flow exhibits a deficit of velocity compared to the imposed flow U, 
indicating that longitudinal momentum has been lost and that a drag force is exerted on the bluff body 
(figure[lj*). However, swimming animals are self-propelled and therefore no net drag nor thrust is exerted 
on average when they swim at constant speed: the resulting rBvK wake is therefore momentumless and 
exhibits on average a jet around the centerline surrounded by a region of counterflow (figure [TJ/). Note 
that when the amplitude of motion A is increased and the swimming velocity is held constant, there is a 
transition from the BvK to the rBvK street. Right at the transition, the vortices are all aligned with the 
swimming direction but this case still corresponds to a net drag on the body ll25l . 
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Figure 2: (a) Dimensions considered for the swimming animals and (b) sketch of the problem. 

Applying similar techniques to the ones used to study the stability of bluff body wakes, Triantafyllou 
et al. (651 [66) have shown that wakes associated to net thrust are only convectively unstable (there is 
no region of absolute instability). Such wakes thus acts as amplifier in a narrow range of frequencies 
which was found to correspond to the interval 0.25 < St < 0.35 for a family of two-dimensional wakes 
obtained by fitting the experimental results of Koochesfahani ll36l . They argued that swimming animals 
likely evolved to exploit this amplification to reduce the swimming costs and hence should be observed 
to swim in the same narrow interval of Strouhal numbers. In parallel, experiments have been carried 
out by the same group El [54l [59l [65l with rigid airfoils submitted to harmonic flapping, confirming that 
maximum efficiency could be reached in the same interval. 

Note that this narrow interval might not be unrelated to the stability result of von Karman. Because 
there is a mirror symmetry between an infinite BvK street and a rBvK street, rBvK wakes are also 
unstable unless the spacing ratio is b/a = 0.281 (figure [TJ?). Making now the reasonable assumptions 
that the width b of the wake is equal to the amplitude of swimming A and that the vortices in the wake 
have no velocity such that / = U/a, this stable spacing ratio corresponds to St = b/a = 0.281. This 
value is in the interval proposed by Triantafyllou et al. (65l |66) but the precise link between these two 
approaches has yet to be understood. 

In their papers, Triantafyllou et al. (65l [66) analysed twelve species (dolphins, sharks, some scom- 
broids and other bony fishes) whose swimming kinematics were found in the literature and concluded 
that most of these swimming animals indeed swim in the interval 0.25 < St < 0.35. More recently, 
Taylor et al. [64| have shown that birds, bats and insects in cruising flight flap their wings within a 
similar narrow range of Strouhal number, 0.2 < St < 0.4. To explain this apparent universal range of 
Strouhal number observed in nature, they argued that animals tune their frequency to achieve maximum 
propulsive efficiency. 

In this work, the optimal Strouhal number for swimming will be addressed with a different approach. 
First, Lighthill's large-amplitude elongated-body theory will be introduced and discussed. Within this 
theoretical framework, it will be shown in §2 that an optimal Strouhal number can be calculated through 
a constrained minimisation problem. In §3, this optimal Strouhal number will be compared to the obser- 
vations on different species of swimming animals found in the literature. Finally, these results will be 
discussed and related to the characteristics of the wake in §4. 

1.2 LighthilPs elongated-body theory 

Consider an aquatic animal of length L swimming with constant mean velocity U in the x-direction 
(see figure [2]). The position of its body at time t is described by the position (x, y) of any point of the 
backbone. The plane Oxy would be the horizontal plane for fishes and the vertical plane for cetaceans. 
Defining the curvilinear coordinate s as the distance from the tail tip when the animal is straight, the 
functions x(s,t) and y(s,t) therefore describe the kinematics of swimming. The velocity of any point on 
the backbone is the time-derivative of the position, v = (£, y), which can be decomposed into tangential 
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and normal velocities (see figure [2]) 

u = xx + yy i (2a) 
w — yx / — xy\ (2b) 

where the prime and dot notations refer to the derivates with respect to s and t respectively. 

Elongated-body theory makes use of the small aspect ratio of the swimming animal. Indeed, if the 
aspect ratio h/L is asymptotically small and if the cross section varies on a typical distance of order L, 
the forces acting on each cross sections can be assumed to be the same as those acting on an infinite 
cylinder with same cross section and moving with the same velocity (u, v) with respect to the fluid. The 
main idea behind Lighthill's elongated-body theory BUI is then to treat perpendicular motions (given 
by the velocity w) reactively and the tangential motions (given by u) resistively. The elongated-body 
approximation is therefore valid when the animal is elongated enough such that h <C L (see figure [2]) 
and when the Reynolds number, defined as 

Rq = UL/u, (3) 

with v the kinematic viscosity, is asymptotically large (more discussion on the validity of this theoretical 
framework will be given below). 

The origin of the reactive force is the conservation of momentum. It can be understood if one realises 
that, as the animal swims, a certain volume of water has to be accelerated. This means that a certain force 
has to be applied to the water and reactively, the opposite force applies to the animal. The reactive force 
has been calculated by Lighthill flUl and its remarkable feature is that its time-average depends only on 
the motion of the tail. Therefore the motion of the rest of the body does not have to be known. The same 
is true for the kinetic energy given to the fluid per unit time which is the only source of power loss in the 
elongated-body approximation. 

Following Lighthill |[40lK the mean thrust (T) (which is the reactive force on the animal projected on 
the x-direction) and the power lost in the wake (E) are given by 

(T) = (m[iii(y-X)]J, (4a) 
(E) = (±m[w 2 u] s=Q ), (4b) 

where the chevrons denote time-average, m = pith? is the added mass per unit length at the tail tip 
(s = 0) and p is the density of water. 

In the case of steady swimming, the mean thrust (T) has to compensate the drag D on the body. To 
measure the ratio between drag and available thrust, a new dimensionless number is introduced, which 
will be called the Lighthill number in the following 

where S is the total surface of the animal (or wetted surface) and Cd is the drag coefficient such that 

D = \ P U 2 SC d . 

2 Optimisation 

2.1 Constrained optimisation problem 

Consider now that the angle between the tail and the swimming direction is given in the vicinity of the 
tail tip by the harmonic motion 

9{ s , t) = 6 cos (out) , fors<Cl. (6) 
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Here the curvature 6' has been assumed to be zero at s = as it should be the case if one assumes that 
the tail is elastic and that the internal torque at the tail tip is zero. Taking the cosine and sine of 9 yields 
x' and y f , which appear as a sum of even and odd harmonics respectively 

[x'] s=Q = [cos9] s=0 = J (#o) - 2J 2 (#o) cos (2ut) + • • • , (7a) 
W] s=0 = [sin#U = 2Ji(0 o ) cos (ut) + • • • , (7b) 

where J v (x) is the Bessel function of the first kind. The higher harmonics will be neglected in the 
following owing to the fact that they have a negligible influence on the final result. 

To calculate the tangential and normal velocities given by (|2^,b), the functions x and y need to be 
known at the tail. Keeping the same harmonics as in (|7^,b), the general form of these functions is 

[x] s=Q = U + aUcos(2ut + (/)), (8a) 
[y] 8=Q = 7TStUcos(ujt + tfj), (8b) 

where and are unknown phases, a is a dimensionless amplitude and St is the Strouhal number given 
byQ. 

Injecting (|2h,b), (|7^,b) and (|8^,b) into (R^,b) and calculating the time-averages allows to express the 
mean thrust (T) and the mean power loss {E) as a function of the five dimensionless variables: #o, St, 
a, (j) and ip. The constrained optimisation problem then consists in solving 

<T> = D, 

. , , . < (St. a) < oc. 

mm .(E) such that { <^i /2j (9) 

< (0,^) < 2tt. 

In dimensionless form, this optimisation only depend on the Lighthill number. The problem ([9]) has been 
solved using the function f mincon in Matlab (The Math Works, Inc., Natick, MA, USA). The result 
is a predicted optimal Strouhal number St(Li) which is a monotonically increasing function of Li (see 
figure [4] below). 

For any value of the Lighthill number, the optimal set of dimensionless variables is always such that 
a and i/j are zero, such that the functions x and y can be written in a simpler form for the optimal cases 

[*Uo = U, (10a) 
where V appears as a wave speed at the tail tip and is given by 

The wave speed V is always greater than the swimming speed U and the ratio U/V is customarily 
called the slip ratio. The fact that y and y' are in phase in the optimal case (i.e. -0 = 0) could have 
been anticipated since the same holds true in the linear limit 1139) . The relations (fT0fc,b) mean that a 
simpler version of the optimisation can be performed with only two variables, #o and St (or St and 
U/V alternatively), leading to the same results. Note also that since x does not depend on time, the path 
followed by the tail tip in the frame of reference attached to the animal is a straight line in the y-direction. 
In other words, the figure of eight observed in some experiments |[26l [84) which exists only if a ^ is 
not optimal within the present elongated-body framework. 
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Figure 3: Froude efficiency as a function of the Lighthill number for the optimal case (solid line) and for 
the acceptable range (dashed line). 



To estimate the range on which the Strouhal number can change without affecting appreciably the 
swimming performances, the Froude efficiency 77 is introduced 



V = 



DU 



DU + (E) ' 



(12) 



which expresses the ratio between the useful power (TU) = DU and the total power spent for swim- 
ming. For a given Lighthill number, the constrained optimisation yields a maximum efficiency ?7max(Li)- 
In the following, any Strouhal number leading to an efficiency greater than ?7 max — 0.1 will be considered 
as acceptable (figure [3}. 

2.2 Limit of validity 

The key hypothesis of elongated-body theory is that the resistive force corresponding to perpendicular 
motions can be neglected. Assuming that this force acts on the whole length L and that its drag coefficient 
is of order one (as it is the case for a cylinder), its x-projection scales as 



^resistive ~ phw 2 Ly' , 

and has to be negligible in comparison with the reactive force which scales as 

^reactive ~ mwy. 



(13) 



(14) 



This is true if (Lw) / (hV) <C 1 and since w ~ U(l — U/V)St, this corresponds to 



This condition will be fulfilled for most animals with a fairly wide tail. However, elongated fish such as 
eels and knife-fish, for which h/L < 0.1, will not in general meet this criterion. For these animals, a 
model taking into account the resistive normal force would be necessary. This may seem counterintuitive, 
but it means that Lighthill's elongated-body theory HOll is not valid when the body is too elongated. 

The other assumption behind elongated-body theory is that the animal cross section varies on a 
typical length scale of order L. This is not true for scombrids, dolphins and sharks that share a large 
aspect-ratio tail. For these animals, a two-dimensional approach would be more suited to study the 
propulsive performance of the tail. However, the existing two-dimensional models [39l [87) are linear 
and do not allow the same sort of optimisation calculation as the one presented here. 

It can be difficult to assess the validity of Lighthill's elongated-body theory because there has been 
no fair comparison with numerical results so far. The recent paper by Candelier etal. [II] is one notable 
exception. They showed the results of numerical simulations for an eel-like swimmer with aspect ratio 
h/L = 0.1, slip ratio U/V = 0.4, Reynolds number Re = 6 x 10 5 , and for two different Strouhal 
numbers St = 0.2 and 0.8. In the first case (St = 0.2), the validity condition ( [T5] ) is fairly satisfied (the 
left-hand side being equal to 0.048) and the thrust is well approximated by Lighthill's elongated-body 
theory. In the second case (St = 0.8), the condition fl5] ) is not satisfied and viscous forces play an 
significant role in the thrust. Note that, in these simulations, the swimmers are not self-propelled and 
more numerical results are clearly needed to evaluate properly Lighthill's elongated-body theory. 



3 Comparison with aquatic animals 

The present paper predicts, within the framework of elongated-body theory, the optimal Strouhal number 
and the maximum angle of the tail tip 9o as a function of the Lighthill number. To assess the validity 
of this model, the swimming kinematics of various species of aquatic animals have been compiled. 
Comparing these experiments and the model relies on the implicit assumption that aquatic animals swim 
optimally or, equivalently, that that their Froude efficiencies are maximised. This assumption is far from 
being obvious and one could argue that some species have evolved in ecological niches where economical 
steady swimming is not crucial. One could also remark that Froude efficiency is only a part of the full 
picture: the complete energy cost has to take into account the efficiency of muscles (which depends 
critically on frequency and amplitude) and the losses due to the viscoelasticity of soft tissues or damping 
at the intervertebral joints OHT1I431I45) . 

3.1 Remarks on the experimental studies 

The comparison with aquatic animals has to cope with several limitations of the experimental methods, 
some of which are listed below. 

• In order to make a fair comparison with the present theoretical model, the measurements have to 
be made when the animal is swimming steadily. This is not always evident to guarantee and it can 
lead to large errors. Any small positive or negative acceleration can alter the results because the 
mean thrust is no longer equal to the drag in that case ¥JTi . 

• The drag on swimming animals has been recognised to be difficult to measure adequately (H [211 
[86). It usually depends on the swimming velocity ll69l and can be greatly increased when the 
animal is close to the water surface 1170) . 

• The optimality of swimming probably depends on the swimming velocity. It seems reasonable to 
think that, at small speeds, the efficiency is not as crucial as at large speeds. This is due to the fact 
that the power spent for swimming roughly scale as U 3 . 
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• Unfortunately, in most experimental works cited here, the Strouhal number have not been cal- 
culated directly by the authors. It results that St had to be estimated from averages. When the 
quantities vary over large intervals, it can result in non negligible errors since the mean of a prod- 
uct is usually not equal to the product of the means. The same holds true for the Lighthill number. 

• The geometrical aspects are important to determine the Lighthill number of a given animal. In 
particular, the wetted surface S and the tail span d have to be known precisely. Regrettably, 
these quantities have rarely been measured by the authors of experimental kinematics studies and 
pictures had to be used to estimate them as explained below. 

• Most kinematics studies have been performed in water channels (also called flumes or tunnels) 
where the animals swim against the current imposed by the experimentalist in a given test section. 
This advantages of this setup are that it allows to adjust the swimming speed precisely and it 
guarantees the position and the direction of the animal. However, the presence of the walls can 
affect the swimming mode as it has been shown by Webb ll80l . This effect can be particularly 
large when the experiments are performed in respirometers where the volume of the test section 
has to be small enough to allow correct measurements of the variation of oxygen concentration. 
Moreover, in some water channels, the turbulence rate can be important and this may change the 
value of the drag. 

• The present theoretical analysis not only predicts the optimal Strouhal number for a given Lighthill 
number but also the maximum angle 9o at the tail tip. However, few experimental studies report 
this maximal angle and thus the comparison is not very significant as it will be discussed below. 
Through equation ( fTT| ), this maximum angle can be related to a wave speed V which can be com- 
pared to the swimming speed through the slip ratio U/V. Contrarily to the maximum angle, the 
slip ratio has been widely measured in experiments. However, the wave speed usually depends on 
the curvilinear coordinate and it can be shown to either accelerate toward to tail tip E5l or deceler- 
ate 11711 . This wave speed can also be calculated through the apparent wavelength A of the animal 
deflection as V = Xf, but this method usually gives a result different from the direct measurement 
ll83l . These limitations come from the fact that the slip ratio is non local in nature: contrarily to 
the Strouhal number and the maximum angle it does not only depend on measurements made at 
the tail tip. 

The limitations of the experimental studies listed above make the comparison with the present anal- 
ysis difficult. In particular, the Lighthill number can only be estimated in most cases (if not because of 
the lack of geometrical measurements, because of the drag coefficient). The other important point is that 
the optimality of swimming can never be guaranteed. 

3.2 Methods 

Despite the limitations listed above, most of the data available in the literature on swimming kinematics 
of aquatic animals have been compiled. From these sources, the Lighthill and the Strouhal numbers have 
been determined together with the maximum angle at the tail tip and the slip ratio U/V when possible. 
The following methods have been used to extract the experimental data. 

When it was possible, the value chosen for the swimming velocity was 75% of the critical velocity 
ZTcrit - The critical velocity, as introduced by Brett ifTUlL measures the maximum sustained speed for a 
given time (between 2 and 30 minutes depending on the authors and on the species). The reason to 
choose this particular value of the velocity is that it allows a large enough swimming speed (for lower 
speed, the swimming mode may not be optimal) without being too close to the critical value where data 
is usually lacking. 
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To evaluate the tail span of a given species, the following rules have been used. When available, the 
data found in the source papers have been used (using the value given by the authors when present, or 
measuring them from the photographs or drawings found in the article). Otherwise, pictures have been 
collected on Internet and used to estimate the ratio of tail span to body length. For species with no marked 
tail (such as eels, leeches, or crocodiles), the maximum value of the animal span in its posterior half have 
been used in place of the tail span. To estimate the wetted surface of each species, we mostly used rough 
estimates because this data was rarely given in the source papers. These estimates have been assumed to 
vary between S = 0.15L 2 for the European eel and 0.5L 2 for the Florida manatee, but for most fishes 
(not elongated ones), the value 0.4L 2 has been used. Note that the tail span need to be estimated with a 
greater precision than the wetted surface since it appears squared in the Lighthill number. 

As pointed out by different authors (see the recent review by Wu |[86L for instance), measuring the 
drag coefficient on swimming fishes is a difficult task and the data found in the literature are not always 
consistent. As a matter of fact, it may not be a well-posed problem since it is impossible to distinguish 
the drag from the thrust when an animal is swimming ll60l . An estimate is, however, needed if one wants 
to use Lighthill's elongated-body theory. A simple law that compares reasonably well with available data 
IH EH |40l [69} EH is to take the double of the drag coefficient for a flat plate in laminar flow for small 
Reynolds number, and the turbulent drag coefficient of a flat plate for larger Reynolds number. The drag 
coefficient is then 

Cd(Re) = max (2 x 1.328 Re" 1/2 , 0.072 Re" 1/5 ) . (16) 



The above law is usually an underestimate of the drag coefficient, particularly for animals with relatively 
poor streamlining. For instance, the lake sturgeon may have a drag coefficient 3.5 times that of trout 
of similar size probably because of its large scutes 117711 . Note that, when calculating the Reynolds 
number, one has to take into account that the dynamic viscosity varies substantially with temperature. 
The relation ( [T6| ) has been used to calculate the drag coefficient for all animals except some mammals 
(beluga, bottlenose dolphin, false killer whale, harp seals, killer whale and ringed seals) for which the 
authors provided a drag coefficient corrected for surface effects (20l[23. For the different morphotypes 
of goldfish studied by Blake et al. Q, the drag coefficient has also been calculated from the data fit given 
by the authors because these morphotypes have been selected artificially for aesthetic reasons, and as a 
result have a relatively large drag. 

As pointed out above, most authors did not calculate the Strouhal number for each swimming event, 
mostly because it was not the principal goal of their studies. Thus the Strouhal number had to be calcu- 
lated using the average tail amplitude (A), the average frequency (/) and the average swimming velocity 
(U) for a given series of experiments, leading to potential errors. However, when they were available, 
the data of single events have been extracted and the Strouhal number have been calculated for each of 
them before the average was performed |[3l[T3[^|271|7Tl[70l[76l. In other cases, the data of several sets 
of experiments (for different size groups, for instance) have been averaged r X31 [3TI l44l fSXTl . 

From the literature, 89 different swimming kinematics have been identified. After analysis, 23 of 
these data have been discarded, either because better data were available for the same or a similar species, 
because the quality of the data was doubtful (when it was based on a single experiment, for instance) or 



because the validity of elongated-body theory as defined by equation ( |T5| ) was not ensured (this is mainly 
why there is no snake and no larva in the data set). 

The remaining 66 data represents 53 different species which have been divided in 7 different groups 
(table 1-3): 8 different species of mammals, 4 of sharks, 8 of scombrids (a family which includes 
tunas, bonitos and mackerels), 1 1 of fishes from the order of Perciformes and Salmoniformes (excluding 
the family of scombrids), 19 of fishes from other families (including Cypriniformes, Gadiformes and 
Mugiliformes), 10 of 'elongated' fishes (including eels, needlefish of the family of Belonidae, and other 
fishes with surface ratio S/h? greater than 17) and 6 species categorised as 'others' gathering one reptile 
(crocodile), two frog tadpoles, two amphibians (axolotl and siren) and one annelid (leech). 
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Figure 4: Strouhal number of 53 different species of aquatic animals as a function of the Lighthill number. 
These animals are divided in different categories corresponding to the different symbols displayed in the 
legend. The solid line is the predicted optimal Strouhal number and the dashed line correspond to the 
interval for which efficiency is larger than 77 max — 0.1. The horizontal dotted lines correspond to the 
interval 0.25 < St < 0.35 suggested by Triantafyllou et al. Il65l . 

3.3 Results 

The Strouhal number, the maximum angle at the tail tip and the slip ratio predicted by the present theoret- 
ical model are compared to the observations on the different species in figures [4]-[5j In these figures, the 
thick line correspond to the optimal case with Froude efficiency 77 max , and the dashed lines correspond to 
the interval for which the Froude efficiency is 77 > ?7 max — 0.1 (figure[3]). It corresponds to the acceptable 
range defined above, for which efficiency is close to optimal. 

As seen in figure |4j the present analysis predicts that the optimal Strouhal number increases with 
the Lighthill number from 0.15 for the largest cetaceans to 0.8 for the smallest animals considered (or, 
more precisely, for animals with the largest Lighthill number). This optimal Strouhal number curve can 
be approximated by a power law: St « 0.75 

LiV3. 

Although the experimental observations are fairly 
scattered, this general trend is clearly observable for all the aquatic animals, more than 85% of data points 
having a Strouhal number within the acceptable range. Note that the variation of the Strouhal number 
for a single species (figure 11. 3B in ll37l0 or across different species |33| had been observed previously 
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Figure 5: (a) Maximum angle at the tail tip 9o and (b) slip ratio U/V as a function of the Lighthill 
number (same legend as in figure [4|. 



but there was no physical explanation. 

Among these data, the results of Webb et al. ll83l on the rainbow trout stand out. They studied ani- 
mals with total length ranging from L = 5.5 cm to 56 cm and deduced from hundreds of measurements 
how the different geometric and kinematic quantities varies with the length and the swimming speed of 
the trouts. This allows, for a single species, to see how the Strouhal number varies with the Lighthill 
number (the green line in figure [4]). Remarkably, this line is parallel (on the log-log scale figure [4]) to the 
the theoretical prediction. 

The comparison between the predicted maximum angle at the tail tip and the experimental observa- 
tions (figure [5]2) is less conclusive mostly because of the lack of data and because the acceptable range 
is fairly large. 

The predicted slip ratio U/V has also been compared with observations on animals (figure [5^). In 
each group, the slip ratio is decreasing with the Lighthill number, as predicted, but the mammals and the 
scombrids are clearly below the prediction, while elongated fish are clearly above. This discrepancy will 
be discussed below. Another feature of the slip ratio is that the optimal case correspond to a maximum: 
for a given Lighthill number, when efficiency is lower than the optimal, so is U/V. 

Note that, again, the slip ratio deduced from the results of Webb et al. |[83l on the rainbow trout (the 
green line in figure [5j?) agrees remarkably well with the present prediction. 



4 Discussion 

In this paper, Lighthill' s elongated-body theory has been used to predict the optimal Strouhal number for 
swimming animals. Using the elongated-body assumptions, it appeared that the optimal Strouhal number 
depends on a single dimensionless quantity, which has been called the Lighthill number, and which can 
be regarded as the ratio of the animal drag to the available thrust. Together with the optimal Strouhal 
number, were predicted the maximum incident angle at the tail tip and the slip ratio, which also depend 
uniquely on the Lighthill number. These theoretical predictions have been been then compared with the 
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Figure 6: Schematic three-dimensional views of the (a) BvK and (b) rBvK vortex streets, corresponding 
to the two-dimensional views of figure [T] The arrows indicate the rotation direction of vorticity tubes. 

swimming kinematics of 53 different species of swimming animals. It appeared that the general trends 
predicted by the present model are recovered in the zoological data, indicating that animals generally 
swim near the predicted optimum. 

The validity of the elongated-body theory is limited by two geometric quantities. First, the variations 
of the cross-section should occur on typical scales of the order of the animal length. This is clearly not 
the case for animals with high aspect-ratio tails (also called lunate tails) like cetaceans, scombrids and 
sharks. For sharks, additional difficulty is caused by the asymmetry of the tail and one could ask whether 
the Strouhal number should be based on the motion of largest lobe, the smallest lobe, or an average of 
the two. Second, the elongated-body theory is not adapted to anguilliform animals like eels for which 
the tail depth is difficult to define. For these very elongated animals, the viscous drag become relatively 
more important and should be included in the analysis, as pointed out above. These limitations probably 
explain why the slip ratio for the cetaceans and the scombrids is approximately 0.2 smaller than predicted 
while the elongated fishes seem to have a slip ratio larger than predicted. 

As noted above, the key feature of Lighthill's elongated-body theory is that the two quantities needed 
to perform the optimisation, namely the average propulsive thrust and the average power loss in the wake, 
only depend on local quantities evaluated at the tail tip. This property has been essential in developing 
the present model, but a natural question would be now to ask whether the predicted optimal tail motions 
are compatible with the complete kinematics of a swimming animal. In particular, it would be important 
to evaluate the role of recoil f79lK the effect of passive elasticity of the tail and the role of the internal 
mechanics in general Pl4Tll43ll45l . 

Let us now examine the relation between the Strouhal number and the characteristics of the wake. 
First, it may be important to remind that Lighthill's elongated-body theory includes a wake behind the 
swimmer (see figure 7 of Candelier et al. ifTTIl . for instance). This wake is composed of an infinitely 
thin sheet of vorticity left by the passage of the trailing edge in the water. Applying Kelvin's circulation 
theorem, this wake is found to be composed of flatten vortex rings and contains the kinetic energy given 
by the animal to the fluid. But, in Lighthill's elongated-body theory, the dynamical evolution of this 
wake is not described. The main reason for that is that it is not relevant to this theory because it has no 
influence on the dynamics of the swimmer. Elongated-body theory being local in nature, the forces at a 
given animal cross-section only depend on the motion of this cross-section and on nothing else. 

One plausible scenario for the wake is that the vorticity sheet predicted by Lighthill's elongated-body 
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theory will eventually roll-up to form a chain of vortex rings as sketched in figure [6jb. The wake would 
then resemble the experimental observations of different groups El [571 EH 09l 1701 . Another possible 
scenario is that, due to their self-induced velocity, these concatenated vortex rings will separate in two 
rows of vortex rings as observed for eels both experimentally |[37l Bll |68l and numerically Il9ll34t In 
both cases, the vortex rings are expected to have a vertical extension approximately equal to the tail span 
and a horizontal extension equal to half the stride length (invert horizontal and vertical for mammals). 
The stride length is here defined as U/ f and is found to lie in the interval 0.5L < U/f < 1.0L depending 
on the animal. Since the tail span varies in the interval 0.05L < h < 0.35L, this means that the aspect 
ratio of the vortex rings varies from near circular to elongated in the swimming direction (for elongated 
fish). Note that these differences in aspect ratio may be one of the reason why the wakes are different for 
elongated fish. 

As a rule, there is a major difference between the inherently three-dimensional wake behind a swim- 
ming animal and the two-dimensional wake observed behind an infinite cylinder (as drawn in figure [6]). 
Besides the geometry, one important difference is that the velocity field induced by a vortex line (or tube) 
decreases as the inverse power of the distance, while it decreases as the inverse square for a vortex ring. 
This means that the far wake has far less impact on the body for a three-dimensional wake, in line with 
Lighthill's elongated-body theory. The characteristics of the wake behind a swimming animal could then 
just be a consequence of good propulsion and not a cause, as already suggested by Miiller et al. H6l 
with the idea of 'fish foot prints'. 

Now coming back to the results of Triantafyllou et al. (65l [66) on the stability and efficiency of 
wakes, it appears that both their theory and experiments J21 [54l [59l [65l are based on two-dimensional 
flows. If this limit case can be suited to animals with large aspect-ratio tails (such as tunas, sharks, 
dolphins, etc), some more specific work seems needed to apply it to other animals. In particular, it would 
be interesting to understand the efficiency and stability of a three-dimensional momentumless wake. 

For animals with large aspect-ratio tails though, one striking fact is that the present model (with no 
modelling of the wake) and the theoretical prediction of Triantafyllou et al. J65l [66) (based essentially 
on the wake) converge to give a similar interval for the Strouhal number: roughly 0.2 < St < 0.4, 
for non-elongated fishes and cetaceans. One possibility is that these animals have evolved to optimise 
both the formation of a coherent wake and the elongated-body efficiency. This would explain why the 
geometrical characteristics of these animals, in particular the ratio of tail span to body length, vary so 
little among the species. 

The author acknowledges support from the European Commission through a Marie Curie fellowship. 

References 

[1] Anderson, E. J., McGillis, W. R., & Grosenbaugh, M. A. 2001. The boundary layer of swimming 
fish. /. Exp. Biol, 204(1), 81-102. 

[2] Anderson, J. M., Streitlien, K., Barrett, D. S., & Triantafyllou, M. S. 1998. Oscillating foils of high 
propulsive efficiency. /. Fluid Mech., 360, 41-72. 

[3] Archer, S. D., & Johnston, I. A. 1989. Kinematics of labriform and subcarangiform swimming in 
the Antarctic fish Notothenia neglecta. /. Exp. Biol, 143, 195-210. 

[4] Bainbridge, R. 1958. The speed of swimming of fish as related to size and to the frequency and 
amplitude of the tail beat. /. Exp. Biol., 35, 109-133. 

[5] Bainbridge, R. 1963. Caudal fin and body movement in the propulsion of some fish. /. Exp. Biol, 
40, 23-56. 



13 



[6] Benard, H. 1926. Sur les ecarts des valeurs de la frequence des tourbillons alternes par rapport a la 
loi de similitude dynamique. C. R. Acad. Sci. Paris, 183, 20-22. 

[7] Blake, R. W., Li, J., & Chan, K. H. S. 2009. Swimming in four goldfish Carassius auratus morpho- 
types: understanding functional design and performance employing artificially selected forms. /. Fish 
Biol, 75, 591-617. 

[8] Blickhan, R., Krick, C, Zehren, D., Nachtigall, W., & Breithaupt, T. 1992. Generation of a vortex 
chain in the wake of a subundulatory swimmer. Naturwissenschaften, 79, 220-221. 

[9] Borazjani, I., & Sotiropoulos, F. 2008. Numerical investigation of the hydrodynamics of carangiform 
swimming in the transitional and inertial flow regimes. /. Exp. Biol., 211, 1541. 

[10] Brett, J. R. 1964. The respiratory metabolism and swimming performance of young sockeye 
salmon. /. Fish. Res. Bd Can., 21, 1183-1226. 

[11] Candelier, R, Boyer, R, & Leroyer, A. 2011. Three-dimensional extension of Lighthill's large- 
amplitude elongated-body theory of fish locomotion. /. Fluid Mech., in press. 

[12] Cheng, J.-Y., Pedley, T. J., & Altringham, J. D. 1998. A continuous dynamic beam model for 
swiming fish. Philos. Trans. R. Soc. Lond. B., 353, 981-997. 

[13] D'Aout, K., & Aerts, R 1997. Kinematics and efficiency of steady swimming in adult axolotls 
( Amby stoma mexicanum). /. Exp. Biol, 200, 1863-1871. 

[14] D'Aout, K., & Aerts, R 1999. A kinematic comparison of forward and backward swimming in the 
eel Anguilla anguilla. /. Exp. Biol., 202, 1511-1521. 

[15] Dewar, H., & Graham, J. B. 1994. Studies of tropical tuna swimming performance in a large water 
tunnel. III. Kinematics. /. Exp. Biol., 192, 45-59. 

[16] Dickson, K. A., Donley, J. M., Sepulveda, C, & Bhoopat, L. 2002. Rffects of temperature on 
sustained swimming performance and swimming kinematics of the chub mackerel Scomber japonicus. 
/. Exp. Biol., 205, 969-980. 

[17] Donley, J. M., & Dickson, K. A. 2000. Swimming kinematics of juvenile kawakawa tuna (Ruthyn- 
nus affinis) and chub mackerel (Scomber japonicus). /. Exp. Biol, 203, 3103-3116. 

[18] Dowis, H. J., Sepulveda, C. A., Graham, J. B., & Dickson, K. A. 2003. Swimming performance 
studies on the eastern Pacific bonito Sarda chiliensis, a close relative of the tunas (family Scombridae): 
II. Kinematics. /. Exp. Biol., 206, 2749-2758. 

[19] Rllerby, D. J., Spierts, I. L. Y., & Altringham, J. D. 2001. Slow muscle power output of yellow-and 
silver-phase Ruropean eels (Anguilla anguilla L.): changes in muscle performance prior to migration. 
/. Exp. Biol., 204, 1369-1379. 

[20] Fish, R R. 1998. Comparative kinematics and hydrodynamics of odontocete cetaceans: morpho- 
logical and ecological correlates with swimming performance. /. Exp. Biol., 201, 2867-2877. 

[21] Fish, F. R., & Rohr, J. J. 1999. Review of dolphin hydrodynamics and swimming performance. 
Tech. rept. 1801. SSC San Diego. 

[22] Fish, F. R., Innes, S., & Ronald, K. 1988. Kinematics and estimated thrust production of swimming 
harp and ringed seals. /. Exp. Biol., 137, 157. 



14 



[23] Gillis, G. 1997. Anguilliform locomotion in an elongate salamander (Siren intermedia): effects of 
speed on axial undulatory movements. /. Exp. Biol, 200, 161 -HA. 

[24] Gillis, G. B. 1998. Environmental effects on undulatory locomotion in the American eel Anguilla 
rostrata: kinematics in water and on land. /. Exp. Biol, 201, 949-961. 

[25] Godoy-Diana, R., Aider, J.-L., & Wesfreid, J. E. 2008. Transitions in the wake of a flapping foil. 
Phys. Rev. E, 77(1), 016308. 

[26] Gray, J. 1933. Studies in animal locomotion. I. The movement of fish with special reference to the 
eelThe movement of fish with special reference to the eel. /. Exp. Biol, 10, 88-104. 

[27] Hess, E, & Videler, J. J. 1984. Fast continuous swimming of saithe (Pollachius virens): a dynamic 
analysis of bending moments and muscle power. /. Exp. Biol, 109, 229-251. 

[28] Horner, A. M., & Jayne, B. C. 2008. The effects of viscosity on the axial motor pattern and 
kinematics of the African lungfish (Protopterus annectens) during lateral undulatory swimming. /. 
Exp. Biol, 211, 1612-1622. 

[29] Huerre, P., & Monkewitz, P. A. 1990. Local and global instabilities in spatially developing flows. 
Ann. Rev. Fluid Mech., 22, 473-537. 

[30] Hunter, J. R., & Zweifel, J. R. 1971. Swimming speed, tail beat frequency, tail beat amplitude, and 
size in jack mackerel, Trachurus symmetricus, and other fishes. Fishery Bull Fish Wildl. Serv. US, 
69, 253-267. 

[31] Jayne, B. C., & Lauder, G. V. 1995. Speed effects on midline kinematics during steady undulatory 
swimming of largemouth bass, Micropterus salmoides. /. Exp. Biol, 198, 585-602. 

[32] Jordan, C. E. 1998. Scale effects in the kinematics and dynamics of swimming leeches. Can. J. 
Zool, 76, 1869-1877. 

[33] Kayan, V. P., Kozlov, L. E, & Pyatetskii, V. E. 1978. Kinematic characteristics of the swimming of 
certain aquatic animals. Fluid Dyn., 13, 641-646. 

[34] Kern, S., & Koumoutsakos, P. 2006. Simulations of optimized anguilliform swimming. /. Exp. 
Biol, 209, 4841-4857. 

[35] Kojeszewski, T., & Fish, F. E. 2007. Swimming kinematics of the Florida manatee (Trichechus 
manatus latirostris): hydrodynamic analysis of an undulatory mammalian swimmer. /. Exp. Biol, 
210,2411-2418. 

[36] Koochesfahani, M. 1989. Vortical patterns in the wake of an oscillating airfoil. AIAA J., 27, 1200- 
1205. 

[37] Lauder, G. V., & Tytell, E. D. 2005. Hydrodynamics of undulatory propulsion. Fish Physiol, 23, 
425-468. 

[38] Liao, J. C. 2002. Swimming in needlefish (Belonidae): anguilliform locomotion with fins. J. Exp. 
Biol, 205, 2875-2884. 

[39] Lighthill, M. J. 1970. Aquatic animal propulsion of high hydromechanical efficiency. /. Fluid 
Mech., 44, 265-301. 



15 



[40] Lighthill, M. J. 1971. Large-amplitude elongated-body theory of fish locomotion. Proc. R. Soc. 
Lond. B, 179, 125-138. 

[41] Long, J. H. 1992. Stiffness and damping forces in the intervertebral joints of blue marlin (Makaira 
nigricans). /. Exp. Biol, 162, 131-155. 

[42] Long, J. H., Hale, M. E., McHenry, M. J., & Westneat, M. W. 1996. Functions offish skin: flexural 
stiffness and steady swimming of longnose gar Lepisosteus osseus. /. Exp. Biol, 199, 2139-2151. 

[43] Long, J. H., Koob-Emunds, M., Sinwell, B., & Koob, T. J. 2002. The notochord of hagfish Myxine 
glutinosa: Visco-elastic properties and mechanical functions during steady swimming. /. Exp. Biol, 
205,3819-3831. 

[44] Lowe, C. G. 1996. Kinematics and critical swimming speed of juvenile scalloped hammerhead 
sharks. /. Exp. Biol, 199, 2605-2610. 

[45] McMillen, T., & Holmes, P. 2006. An elastic rod model for anguilliform swimming. Journal of 
mathematical biology, 53(5), 843-886. 

[46] Miiller, U. K., Van Den Heuvel, B. L. E., Stamhuis, E. J., & Videler, J. J. 1997. Fish foot prints: 
morphology and energetics of the wake behind a continuously swimming mullet (Chelon labrosus 
Risso). /. Exp. Biol, 200(22), 2893-2906. 

[47] Miiller, U. K., Smit, J., Stamhuis, E. J., & Videler, J. J. 2001. How the body contributes to the wake 
in undulatory fish swimming: flow fields of a swimming eel (Anguilla anguilla). /. Exp. Biol, 204, 
2751-2762. 

[48] Miiller, U. K., Stamhuis, E. J., & Videler, J. J. 2002. Riding the waves: The role of the body wave 
in undulatory fish swimming. Integr. Comp. Biol, 42, 981-987. 

[49] Nauen, J. C, & Lauder, G. V. 2002. Hydrodynamics of caudal fin locomotion by chub mackerel, 
Scomber japonicus (Scombridae). /. Exp. Biol, 205, 1709-1724. 

[50] Parrish, J. K., & Kroen, W. K. 1988. Sloughed mucus and drag-reduction in a school of Atlantic 
silversides, Menidia menidia. Mar. Biol, 97, 165-169. 

[51] Pier, B. 2002. On the frequency selection of finite-amplitude vortex shedding in the cylinder wake. 
/. Fluid Mech., 458, 407-417. 

[52] Rayleigh, Lord. 1915a. Aeolian tones. Phil Mag., 29, 433-444. 

[53] Rayleigh, Lord. 1915b. The principle of similitude. Nature, 95(2368), 66-68. 

[54] Read, D. A., Hover, F. S., & Triantafyllou, M. S. 2003. Forces on oscillating foils for propulsion 
and maneuvering. Journal of Fluids and Structures, 17(1), 163-183. 

[55] Rohr, J. J., & Fish, F. E. 2004. Strouhal numbers and optimization of swimming by odontocete 
cetaceans. /. Exp. Biol, 207, 1633-1642. 

[56] Roshko, A. 1954a. On the development of turbulent wakes from vortex streets. Tech. rept. TR-1191. 
NACA. 

[57] Roshko, A. 1954b. On the drag and shedding frequency of two-dimensional bluff bodies. Tech. 
rept. TN-3169. NACA. 



16 



[58] Rott, N. 1992. Lord Rayleigh and hydrodynamic similarity. Phys. Fluids A, 4, 2595-2600. 

[59] Schouveiler, L., Hover, F. S., & Triantafyllou, M. S. 2005. Performance of flapping foil propulsion. 
/. Fluids Struct., 20, 949-959. 

[60] Schultz, W. W., & Webb, R W. 2002. Power requirements of swimming: do new methods resolve 
old questions? Integr. Comp. Biol, 42, 1018-1025. 

[61] Seebacher, R, Elsworth, P. G., & Franklin, C. E. 2003. Ontogenetic changes of swimming kine- 
matics in a semi-aquatic reptile (Crocodylus porosus). Austral J. Zool, 51, 15-24. 

[62] Sfakiotakis, M., Lane, D. M., & Davies, J. B. C. 1999. Review of fish swimming modes for aquatic 
locomotion. IEEE J. Oceanic Eng., 24(2), 237-252. 

[63] Strouhal, V. 1878. Uber eine besondere Art der Tonerregung. Ann. Phys., 241, 216-251. 

[64] Taylor, G. K., Nudds, R. L., & Thomas, A. L. R. 2003. Flying and swimming animals cruise at a 
Strouhal number tuned for high power efficiency. Nature, 425, 707-711. 

[65] Triantafyllou, G. S., Triantafyllou, M. S., & Grosenbaugh, M. A. 1993. Optimal thrust development 
in oscillating foils with application to fish propulsion. /. Fluids Struct., 7, 205-224. 

[66] Triantafyllou, M. S., Triantafyllou, G. S., & Gopalkrishnan, R. 1991. Wake mechanics for thrust 
generation in oscillating foils. Phys. Fluids A, 3, 2835-2837. 

[67] Triantafyllou, M. S., Triantafyllou, G. S., & Yue, D. K. P. 2000. Hydrodynamics of fishlike swim- 
ming. Ann. Rev. Fluid Mech., 32(1), 33-53. 

[68] Tytell, E. D., & Lauder, G. V. 2004. The hydrodynamics of eel swimming. I. Wake structure. /. 
Exp. Biol, 207, 1825-1841. 

[69] Videler, J. J. 1981. Swimming movements, body structure and propulsion in cod Gadus morhua. 
Pages 1-27 of: Day, M. H. (ed), Verterbrate Locomotion (Symp. Zool. Soc. Lond.), vol. 48. London: 
Academic Press. 

[70] Videler, J. J. 1993. Fish swimming. Fish and fisheries Series. London: Chapman & Hall. 

[71] Videler, J. J., & Hess, F. 1984. Fast continuous swimming of two pelagic predators, saithe (Pol- 
lachius virens) and mackerel (Scomber scombrus): a kinematic analysis. /. Exp. Biol, 109, 209-228. 

[72] Videler, J. J., & Wardle, C. S. 1978. New kinematic data from high speed cine film recordings of 
swimming cod (Gadus morhua). Neth. J. Zool, 28, 465-484. 

[73] von Karman, T. 1911. Uber den Mechanismus des Widerstandes, den ein bewegter Korper in einer 
Flussigkeit erfahrt. Nachr. Ges. Wiss. Gottingen, Math. Phys. Kl, 509-517. 

[74] Wardle, C. S., Videler, J. J., Arimoto, T, Franco, J. M., & He, P. 1989. The muscle twitch and the 
maximum swimming speed of giant bluefin tuna, Thunnus thynnus L. /. Fish Biol, 35, 129-137. 

[75] Wassersug, R. J., & Hoff, K. 1985. The kinematics of swimming in anuran larvae. /. Exp. Biol, 
119, 1-30. 

[76] Webb, P. W. 1973. Effects of partial caudal-fin amputation on the kinematics and metabolic rate of 
underyearling sockeye salmon (Oncorhynchus nerka) at steady swimming speeds. /. Exp. Biol, 59, 
565-581. 



17 



[77] Webb, P. W. 1986. Kinematics of lake sturgeon, Acipenser fulvescens, at cruising speeds. Can. J. 
Zool, 64, 2137-2141. 

[78] Webb, P. W. 1988. Steady swimming kinematics of tiger musky, an esociform accelerator, and 
rainbow trout, a generalist cruiser. /. Exp. Biol, 138, 51-69. 

[79] Webb, P. W. 1992. Is the high cost of body/caudal fin undulatory swimming due to increased 
friction drag or inertial recoil? /. Exp. Biol, 162, 157-166. 

[80] Webb, P. W. 1993. The effect of solid and porous channel walls on steady swimming of steelhead 
trout Oncorhynchus mykiss. /. Exp. Biol, 178, 97-108. 

[81] Webb, P. W. 2002. Kinematics of plaice, Pleuronectes platessa, and cod, Gadus morhua, swimming 
near the bottom. /. Exp. Biol, 205, 2125-2134. 

[82] Webb, P. W., & Keyes, R. S. 1982. Swimming kinematics of sharks. Fish. Bull, 80, 803-812. 

[83] Webb, P. W., Kostecki, P. T., & Don Stevens, E. 1984. The effect of size and swimming speed on 
locomotor kinematics of rainbow trout. /. Exp. Biol, 109, 77-95. 

[84] Webber, D. M., Boutilier, R. G., Kerr, S. R., & Smale, M. J. 2001. Caudal differential pressure as a 
predictor of swimming speed of cod (Gadus morhua). /. Exp. Biol, 204, 3561-3570. 

[85] Williamson, C. H. K. 1996. Vortex dynamics in the cylinder wake. Ann. Rev. Fluid Mech., 28, 
477-539. 

[86] Wu, T. Y. 2011. Fish Swimming and Bird/Insect Flight. Ann. Rev. Fluid Mech., 43, 25. 

[87] Wu, T. Y.-T. 1971. Hydromechanics of swimming propulsion. Part 2. Some optimum shape prob- 
lems. /. Fluid Mech., 46(03), 521-544. 

[88] Yuen, H. S. H. 1966. Swimming speeds of yellowfin and skipjack tuna. T. Am. Fish. Soc, 95, 
203-209. 



18 



Table 1: Swimming kinematics for 53 different species of mammals, fish, amphibians and reptiles 
(continued in tables 2-3). The different columns are: the animal length, L in cm; the surface ratio, S/h 2 ; 
the Reynolds number, Re; the Lighthill number, Li; the Strouhal number, St, the slip ratio, U/V ; and the 
maximum incident angle at the tail tip, 9o in degrees. The superscript j marks the juvenile animals and 
the superscripts < and > indicate the minimum and maximum values of the continuous dataset obtained 
on the raibow trout by Webb et al ll83l . 
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57 


5. 


.8 


2. 


.2 


X 


10 6 


0. 


,022 


0. 


,27 








[88] 


Yellowfin tuna 


53 


5. 


.5 


6. 


.1 


X 


10 5 


0. 


,028 


0. 


.29 


0. 


.48 




ma 
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Table 2: see Table 1. 



Species L (cm) S/h 2 Re Li St U/V 6> (deg) Sources 



Perci/salmoni-formes 



Atlantic salmon 


66 




6. 


.7 


3. 


.7 


X 


10 5 


0. 


.037 





.26 


0. 


.63 




11701 


Bluefish 


42 




5. 


.3 


5. 


.0 


X 


10 5 


0. 


.028 


0. 


.33 








031 


Lake trout 


21 




5. 


.4 


2. 


.0 


X 


10 5 


0. 


.034 





.33 








ED 


Largemouth bass 


24. 


.5 


6. 


.4 


1. 


.2 


X 


10 5 


0. 


.050 


0. 


.23 


0. 


.68 


44 


ED 


Pacific jack mackerel 


27 




5. 


.7 


5. 


.0 


X 


10 5 


0. 


.030 





.31 








Ool 


Rainbow trout 7 < 


5. 


.5 


8. 


.8 


1. 


.6 


X 


10 4 


0. 


.184 


0. 


.38 


0. 


.57 




f83l 


Rainbow trout > 


56 




9. 


.0 


2. 


.5 


X 


10 5 


0. 


.054 


0. 


.25 


0. 


.71 




ia 


Rainbow trout 


20. 


1 


8. 


.2 


1. 


.1 


X 


10 5 


0. 


.067 





.26 


0. 


.75 


47 


EH 


Sockeye salmon 


20. 


.4 


10. 


.4 


8. 


.0 


X 


10 4 


0. 


.097 


0. 


.31 


0. 


.60 




ESI 


Yellowbelly rockcod J 


7. 


.6 


22. 


.2 


2. 


.3 


X 


10 4 


0. 


.385 





.38 











Yellowbelly rockcod 


29 




10. 


.5 


2. 


.2 


X 


10 5 


0. 


.065 


0. 


.30 








[3| 


Other fishes 


































Atlantic cod 


zo 




lb. 


,4 


1. 


o 
,z 


X 


1U 


U. 


1 OA 

,lz4 


n 
U 


on 

.oil 


u. 


,DZ 




[loin 
Ho ill 


Atlantic cod 


c o 
DO 




10. 


.6 


3. 


-1 

,1 


X 


1U 


0. 


r\n -i 

.061 


0. 


.28 








11841 


Atlantic cod 


4y 




1U. 


.6 


3. 


, 7 


X 


1U 


U, 


.1159 


n 
U 


.25 


U. 


. 10 




ii -7 / \ 1 1-7 - 


Atlantic silverside 


7. 


.5 


10. 


.9 


1. 


,7 


X 


10 4 


0. 


.224 


0. 


.27 








ESI 


Common bream 


19 




3. 


.4 


8. 


,5 


X 


10 4 


0. 


.031 





.29 


0. 


.76 




El 


Common dace 


17. 


.5 


4. 


.9 


3. 


,5 


X 


10 5 


0. 


.027 


0. 


.29 








L4j 


Goldfish (Eggfish) 


5. 


3 


10. 


.6 


7. 


,1 


X 


10 3 


0. 


.538 





.54 


0. 


.41 




IT] 


Goldfish (Fantail) 


5. 


.7 


10. 


.4 


7. 


,7 


X 


10 3 


0. 


.512 


0. 


.47 


0. 


.53 




L7J 


Goldfish (Common) 


5. 


1 


4. 


.7 


2. 


,1 


X 


10 4 


0. 


.093 





.40 


0. 


.80 




L7j 


Goldfish (Comet) 


5. 


.7 


3. 


.9 


2. 


,3 


X 


10 4 


0. 


.067 


0. 


.44 


0. 


.58 




L7J 


Goldfish 


18. 


.8 


4. 


.3 


1. 


,5 


X 


10 5 


0. 


.030 





.30 








H 


Lake sturgeon 


15. 


.7 


12. 


.8 


4. 


,1 


X 


10 4 


0. 


.168 





.48 


0. 


.65 


46 


E3 


Mullet 


27 




9. 


.6 


3. 


,0 


X 


10 5 


0. 


.056 


0. 


.33 








E3 


Saithe 


36. 


.4 


7. 


.0 


3. 


,9 


X 


10 5 


0. 


.038 





.23 


0, 


.76 




E3 


Thinlip grey mullet 


36 




7. 


.7 


3. 


,8 


X 


10 5 


0. 


.042 


0. 


.23 


0. 


.76 




ESI 


Thicklip grey mullet 7 


12. 


6 


6. 


.4 


2. 


,3 


X 


10 4 


0. 


.113 





.34 


0. 


.70 


31 


EH 


Tiger musky 


18. 


.3 


9. 


.4 


9. 


,6 


X 


10 4 


0. 


.081 


0. 


.25 


0. 


.60 


50 


EH) 


West African lungfish 


55 




14. 


.6 


7. 


,0 


X 


10 3 


0. 


.463 


1 


.02 








EH 


West African lungfish 


55 




14. 


.6 


6. 


,0 


X 


10 4 


0. 


.158 


0. 


.75 








[28| 
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Table 3: see Table 1. 



Species L (cm) S/h 2 Re Li St U/V 6> (deg) Sources 



Elongated 
































Atlantic needlefish 


23 




21. 


.7 


1. 


.2 


X 


10 5 


0. 


.167 


0, 


.34 


0, 


.69 


ED 


American eel 


21 




25. 


.8 


6. 


.0 


X 


10 4 


0. 


,280 





.31 


0, 


.73 


EH 


American eel 


36 




25. 


.8 


1. 


.3 


X 


10 5 


0. 


.192 


0, 


.37 


0, 


.79 


G3) 


European eel 


22 




27. 


.9 


4. 


.0 


X 


10 4 


0. 


.369 





.48 


0, 


.60 


G2 


European eel 


73 




27. 


.9 


2. 


.5 


X 


10 5 


0. 


.167 


0, 


.52 






na 


Garfish 


44 




18. 


.0 


4. 


.0 


X 


10 5 


0. 


,098 





.34 






ED 


Great sand-eel 


30 




19. 


.2 


1. 


.2 


X 


10 5 


0. 


,148 


0, 


.31 


0, 


.67 


ED 


Hagfish 


31 




33. 


.2 


6. 


.4 


X 


10 4 


0. 


,347 





.56 


0, 


.49 


E3 


Lesser sand-eel 


9. 





16. 


.4 


2. 


.2 


X 


10 4 


0. 


,296 


0, 


.41 


0, 


.64 


ma 


Longnose gar 


57 




21. 


.9 


3. 


.3 


X 


10 5 


0. 


,125 


0, 


.59 


0, 


.67 


ma 


Others 
































Axolotl 


17. 


7 


19. 


.2 


4. 


.4 


X 


10 4 


0. 


,242 


0, 


.57 


0, 


.59 


nu 


Bullfrog tadpole- 7 


4. 


7 


11. 


.0 


2. 


.3 


X 


10 4 


0. 


,193 





.79 


0, 


.58 


E3 


Green frog tadpole- 7 


5. 





10. 


.6 


2. 


.1 


X 


10 4 


0. 


,195 


0, 


.60 


0, 


.60 


E3 


Lesser siren 


34 




31. 


.3 


1. 


.7 


X 


10 5 


0. 


,202 


0, 


.54 


0, 


.61 


E3 


Medicinal leech 


10. 





19. 


.5 


1. 


.8 


X 


10 4 


0. 


,384 





.63 


0, 


.70 


ED 


Saltwater crocodile 


93 




62. 


.5 


4. 


.2 


X 


10 5 


0. 


,339 


0, 


.78 






EQ 
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